Introduction
We study continuous approximations of discrete expressions in the context of elementary probability theory and option pricing. The main result is a sort of extension of the De Moivre-Laplace central limit theorem, and concerns the approximation of the expectation of a random variable with respect to a binomial distribution by an expectation with respect to the standard normal distribution.
Our study is motivated by the derivation of the Black-Scholes formula (see [?] ) for the pricing of European call options. In [?] , J. C. Cox, S. A. Ross and NI. presented an option pricing formula in the form of a discrete binomial expectation, and then they showed that in the limit it converged to the Black-Scholes formula.
As a consequence of our main theorem we obtain a pricing formula for continuous options, of which the Black-Scholes formula is a special case. Our derivation is both more direct and more general than the derivation of Cox The theorem transforms an expectation with respect to the binomial distribution into an expectation with respect to the standard normal distribution. We remark that the formal nonstandard proof is very similar to the observations above. See [3] . 
Then indeed the process is defined on WT,dt. ~Ve assume that the upper increment of (3.7) has conditional probability p, and the lower increment has conditional probability 1- Note that if p = 1/2, then is the relative conditional expectation, or drif t rate of the process and o~2 its relative conditional variance, or volatility.
Expectations and option pricing
In the economic context of option pricing, the process S(t, x) endowed with the conditional probability p = ~ is considered as a model describing the possible movements in time of the price of a share of some stock; trading is allowed at the times 0, dt, 2dt, ... , T }, the drift rate of the stock price being equal to ~u, and its volatility cr. Given a real-valued function f, the random variable f(S(T)) models a claim on that share at the future time T. For instance, let K > 0. Then the claim [4] ) that if r is the risk-free rate of interest, the correct price Cdt of the claim f must be the Present Value (henceforth P1g) of the expectation of the random variable j(S(T)) in a risk-neutral world (that is, the drift rate of the process S must be r). Let then Er f(S(T)) (4.8) denote the expectation of the random variable f (S(T)) in a risk-neutral world. Then Cdt = (4.9)
Recall that the present value in a risk-neutral world of an asset A equals its future value A(T) at time T discounted at the risk-free rate of interest. That is to say
If the process S(t, x) is in a risky world, (that is, its drift rate /z is different from r) then it is always possible to adjust its conditional probability p to some value p(r) The integral of the right-hand side of ( 4.13 ) is the Feynman-Kac formula (see [8] Notice that ( 4.14 ) becomes an identity if So, K, and T are standard.
There are three main differences between the work of Cutland, Kopp and Willinger [6] and our approach in [3] . First to estimate S(T) they use a nonstandard continuous they use the Loeb-measure and Loeb-spaces [12] , while we use Riemannsums, such as sketched above, and the external numbers of [10] and [11] . Third, their setting is Robinsonian nonstandard analysis [16] , while our setting is axiomatic nonstandard analysis IST [14] . The main difference is that in the latter approach the infinitesimals are included within the set of real numbers R, while in the former approach they are included in a nonstandard extension of R.
